Abstract. By using the degree theory and the τ´topology of Kryszewski and Szulkin, we establish a version of the Fountain Theorem for strongly indefinite functionals. The abstract result will be applied for studying the existence of infinitely many solutions of two strongly indefinite semilinear problems including the semilinear Schrödinger equation.
Introduction
The Fountain Theorem established by T. Bartsch [1] and M. Willem [25] is a powerful tool for studying the existence of infinitely many critical points of some indefinite functionals, which are symmetric in the sense of admissibility posed by Bartsch [1] (see also [7, 25] ). This theorem has been used by several authors to study the existence of infinitely many large energy solutions of various semilinear problems, see for instance [1, 7, 8, 9, 10, 11, 25] . We also mention the paper of W. Zou [12] , where a variant Fountain Theorem was established without pP Sq´type assumption. . The aim of this paper is to generalize the Fountain Theorem in order to apply it to a wider class of indefinite functionals, specially to strongly indefinite functionals; that is functionals of the form φpuq " 1 2 Lu, u ´ψpuq defined on a Hilbert space X, where L : X Ñ X is a selfadjoint operator with negative and positive eigenspace both infinite-dimensional. The study of such functionals is motivated by a number of problems from mathematical physic. They arise for example in the study of periodic solutions of the one-dimensional wave equation, in the study of periodic solutions of Hamiltonian systems, or in the existence theory for systems of elliptic equations.
. The paper is organized as follows: In the first section, the main abstract results are outlined and future applications are discussed while in section 2, the degree theory of Kryszewski and Szulkin is introduced and a Borsuk-Ulam type theorem for admissible maps is stated. In section 3, we construct a deformation which will be very helpful to establish the new fountain theorem in section 4. Sections 5 and 6 are dedicated to the application of the abstract result to a nonlinear stationary Schrödinger equation and to a noncooperative system of elliptic equations, respectively. 1 
Main Results
Let X be a real Hilbert space with inner product p¨q, norm }¨} and decomposition X " Y ' Z, where Y is closed and separable, and Z " ' 8 j"0 Re j . Define for k ě 2 and 0 ă r k ă ρ k , Y k :" Y ' p' k j"0 Re j q, Z k :" ' 8 j"k Re j , B k :" u P Y kˇ} u} ď ρ k ( and N k :" u P Z kˇ} u} " r k ( .
Consider on X " Y ' Z the τ´topology introduced by Kryszewski and Szulkin in [2] (see also [25] , Chapter 6), and let ϕ : X Ñ R be a C 1´f unctional such that ϕ is τ´upper semicontinuous, and ∇ϕ is weakly sequentially continuous. We are interested in the obtention of critical points of ϕ when the latter has the following linking geometry sup
In order to achieve this goal, we assume that ϕ is invariant under an admissible action of a finite group G (see Definition 6 below), which the antipodal action of Z 2 is a particular case. More precisely, we will introduce the following assumption: pA 1 q A finite group G acts isometrically and τ -isometrically on X, and the action of G on every subspace of X is admissible (in the sense of Definition 6). Roughly speaking, the above-mentioned admissibility authorizes an extension of the Borsuk-Ulam theorem for a certain class of functions conveniently called σ´admissible later in the text. By taking advantage of the notion of admissible group, we show that B k and N k link in the following sense: If γ : B k Ñ X is τ´continuous and equivariant, γ |BB k " id, and every u P B k has a τ´neighborhood N u in Y k such that pid´γq`N u X intpB k q˘is contained in a finite-dimensional subspace of X, then γpB k q X N k ‰ H. Since in our purpose Y can be infinite-dimensional, the Brouwer degree`which is usually used in the finite-dimensional case˘will be replaced with the Kryszewski-Szulkin degree (see Definition 3 below) in the establishment of the above linking. By constructing an equivariant deformation with the flow of a certain gradient vector field, we finally show that if in addition
where Γ k is a class of maps γ : B k Ñ X defined in Theorem 11. The abstract result will be used to study the existence of infinitely many large energy solutions of the two following strongly indefinite semilinear problems.
Semilinear Schrödinger equation.
For the first application we consider the following nonlinear stationary Schrödinger equation
under the following assumptions: pV 0 q The function V : R N Ñ R is continuous and 1´periodic in x 1 , ..., x N and 0 lies in a gap of the spectrum of´∆`V .
pf 1 q The function f : R NˆR Ñ R is continuous and 1´periodic with respect to each variable x j , j " 1, ..., N . pf 2 q There is a constant c ą 0 such that |f px, uq| ď cp1`|u| p´1 q for all x P R N and u P R, where p ą 2 for N " 1, 2 and 2 ă p ă 2N {N´2 if N ě 3. pf 3 q f px, uq "˝p|u|q uniformly with respect to x as |u| Ñ 0. pf 4 q There exists γ ą 2 such that for all x P R N and u P Rzt0u
where F px, uq :" ş u 0 f px, sqds. pf 5 q For all x P R N and u P R, f px,´uq "´f px, uq.
The natural energy functional associated to pPq is given by
By pV 0 q the Schrödinger operator´∆`V`in L 2 pR N q˘has purely continuous spectrum, and the space
is negative and positive definite on Y and Z respectively. Both Y and Z are infinite-dimensional, so the functional ϕ is strongly indefinite. This case has been of large interest in the last two decades, existence and multiplicity results have been obtained by different methods, see for instance [2, 13, 14, 15, 16, 17, 18] . We prove in this paper that, under the above assumptions, pPq has infinitely many large energy solutions.
1.2. Noncooperative elliptic system. As the second application we study the following system:
where Ω is an open bounded subset of R N . It is well known that pP 1 q has a variational structure, and the associated Euler-Lagrange functional is given by Φpu, vq :"
By taking advantage of the new Fountain Theorem, we obtain infinitely many large energy solutions of pP 1 q, provided the following conditions are satisfied: ph 1 q H P C 1 pΩˆRˆRq and Hpx, 0, 0q " 0, @x P Ω. ph 2 q Dc ą 0 such that
for all x P R N and u, v P R, where p ą 2 for N " 1, 2 and 2 ă p ă 2N {N´2 if N ě 3.
ph 3 q 0 ă pHpx, u, vq ď uH u px, u, vq`vH v px, u, vq, f or pu, vq ‰ p0, 0q, @x P Ω.
ph 4 q Hpx,´u,´vq " Hpx, u, vq, @u, v P R, @x P Ω.
. The solutions of pP 1 q represent the steady state solutions of reaction-diffusion systems which are derived from several applications, such as mathematical biology or chemical reactions (see [19] and reference therein). Recently the existence and multiplicity of solutions for noncooperative elliptic systems of the form pP 1 q have been proved by several authors, see for instance [3, 4, 5, 6, 19] and references therein.
Kryszewski-Szulkin degree theory
Let pH, p¨q, }¨}q be a separable Hilbert space. Let pb j q jě0 be a total orthonormal sequence in H and let
We will denote by σ the topology generated by the norm }¨} 1 . Clearly }y} 1 ď }y} for every y P H, and moreover if py n q is a bounded sequence in H then
Let U be an open bounded subset of H such that U is σ´closed. The following definitions are due to Kryszewski and Szulkin (see [25] ). Definition 1. A map f : U Ñ H is said to be σ-admissible if it meets the two following conditions.
(1) f is σ´continuous, (2) each point u P U has a σ´neighborhood N u such that pid´f qpN u X U q is contained in a finite-dimensional subspace of H.
Definition 2. An application h : r0, 1sˆU Ñ H is a σ-admissible homotopy if: (a) h´1p0q X`r0, 1sˆBU˘" H, (b) h is σ-continuous, (c) Every pt, uq P r0, 1sˆU has a σ-neighborhood N pt,uq such that s´hpτ, sq{pτ, sq P N pt,uq X pr0, 1sˆU q ( is contained in a finite-dimensional subspace of H.
If f is a σ-admissible map such that 0 R f pBU q, then f´1p0q is σ´closed and consequently, σ´compact. Let us consider the covering of f´1p0q by sets N u which are σ´open neighborhoods of u P f´1p0q such that pid´f qpN u X U q is contained in a finite-dimensional subspace of H. So, we can find m points u 1 , ..., u m P f´1p0q such that f´1p0q Ă V :" Ť m n"1 N un X U and pid´f qpN u k X U q is contained in a finite-dimensional subspace F of H, @k " 1, . . . , m. The contraction and the excision properties of the Brouwer's degree imply that deg B pf |V XF , V X F q does not depend on the choice of V and F , where deg B is the Brouwer's degree. This leads to the following definition due to Kryszewski and Szulkin:
Definition 3 (Kyszewski-Szulkin degree). Let f be a σ-admissible map such that 0 R f pBU q. The degree of f is defined by
where V and F are defined above.
Proposition 4.
(i) If y P U then degpid´y, U q " 1.
(ii) Let f be a σ-admissible map such that 0 R f pBU q. If degpf, U q ‰ 0 then there exists u P U such that f puq " 0. (iii) If h is a σ-admissible homotopy, then degphpt,¨q, U q does not depend on the choice of t.
For the proof of Proposition 4, we refer the reader to [25] . The following theorem was inspired by [2] Theorem 2.4pivq.
Theorem 5 (Borsuk-Ulam theorem for admissible maps). Let U be an open bounded symmetric neighborhood of 0 in H such that U is σ´closed. Let f : U Ñ H be a σ-admissible odd map. If f pU q is contained in a proper subspace of H, then there exists u 0 P BU such that f pu 0 q " 0.
Proof. Assume by contradiction that f´1p0q X BU " H. Since f is odd, we may assume that V is a symmetric (i.e´V " V ). Let F be a proper subspace of H such that f pU q Ă F , and let z P HzF . Define h : r0, 1sˆU Ñ H by hpt, uq :" f puq´tz. One can easily verify that h is a σ-admissible homotopy. By Proposition 4piiiq, degphp0,¨q, U q " degphp1,¨q, U q. The classical Borsuk theorem implies that degphp0,¨q, U q " degpf, U q ‰ 0, so degphp1,¨q, U q " degpf´z, U q ‰ 0. It then follows from Proposition 4piiq that there exists u 0 P U such that z " f pu 0 q, which is a contradiction since z P Hzf pU q. Now we need to precise what kind of symmetries we will consider in the sequel. We recall that the action of a topological group G on a normed vector space pE, }¨}q is a continuous map GˆE Ñ E, pg, uq Þ Ñ gu, such that:
The map u Þ Ñ gu is linear for every g P G.
The action of G is isometric if }gu} " }u}, @u P E, g P G. A subset F of E is invariant if gF " F for every g P G. A functional ϕ : E Ñ R is invariant if ϕpguq " ϕpuq, for every u P E and g P G. A map f : X Ñ X is equivariant if f pguq " gf puq, for every u P E and g P G.
Definition 6. Let G be a finite group acting on H. The action of G is said to be admissible if u P Hˇˇgu " u, @g P G ( " t0u and every σ-admissible and equivariant map f : U Ñ H 0 , where U is an open bounded invariant neighborhood of the origin in H such that U is σ´closed and H 0 is a proper subspace of H, has a zero on BU .
Example 7. Theorem 5 implies that the antipodal action of Z 2 on every separable Hilbert space is admissible.
A deformation lemma
Let Y be a closed separable subspace of a Hilbert space X endowed with the inner product p¨q and the associated norm }¨}. Let P : X Ñ Y and Q : X Ñ Y K be the orthogonal projections. Let pθ j q be an orthonormal basis of Y . On X we consider a new norm~u~:
and we denote by τ the topology and all topological notions related to the topology generated by~¨~`see [2] or [25] ˘. It is clear that }Qu} ď~u~ď }u}. Moreover, if pu n q is a bounded sequence in X then u n τ Ñ u ðñ P u n á P u and Qu n Ñ Qu.
We recall some standard notations: Let S Ă X and ϕ P C 1 pX, Rq. distpu, Sq :" }u´S}, dist τ pu, Sq :"~u´S~, S α :" u P Xˇˇdistpu, Sq ď α ( , ϕ a :" u P Xˇˇϕpuq ď a ( . The following lemma is somewhat a combination of Lemma 3.1 and Lemma 6.8 in [25] .
Lemma 8 (Deformation lemma). Assume that a finite group G acts isometrically and τ -isometrically on the Hilbert space X. Assume also that ϕ P C 1 pX, Rq is invariant and τ -upper semicontinuous and ∇ϕ is weakly sequentially continuous. Let S Ă X be invariant and c P R, ǫ, δ ą 0 such that
Then there exists η P Cpr0, 1sˆϕ c`2ǫ , Xq such that:
c`2ǫ has a τ -neighborhood N pt,uq such that vή ps, vqˇˇps, vq P N pt,uq X pr0, 1sˆϕ c`2ǫ q ( is contained in a finite-dimensional subspace of X, (vi) η is τ -continuous, (vii) ηpt,¨q is equivariant @t P r0, 1s.
Proof. Let us define
wpvq :" 2}∇ϕpvq}´2∇ϕpvq, @v P ϕ´1`rc´2ǫ, c`2ǫs˘.
Since ∇ϕ is weakly sequentially continuous, for every v P ϕ´1`rc´2ǫ, c`2ǫst here exists a τ -open invariant neighborhood N v of v such that p∇ϕpuq, wpvqq ą 1 @u P N v . Since ϕ is τ -upper semicontinuous, r N :" ϕ´1`s´8, c`2ǫr˘is τ -open. It follows then that the family
, τ q is metric, and hence paracompact, there exists a τ -locally finite τ -open covering M :"
For every i P I we have only the possibilities M i Ă N v for some v or M i Ă r N . In the first case we define v i :" wpvq and in the second case v i :" 0. Let tλ iˇi P Iu be a τ -Lipschitz continuous partition of unity subordinated to M and define on V hpuq :" ÿ iPI λ i puqv i .
The map h satisfies the following properties (see Lemma 6.7 of [25] ):
(a) h is τ -locally Lipschitz continuous and locally Lipschitz continuous, (b) each point u P V has a τ -neighborhood V u such that hpV u q is contained in a finite dimensional subspace of X, (c) p∇ϕpuq, hpuqq ě 0 @u P V , (d) @u P ϕ´1`rc´2ǫ, c`2ǫs˘,`∇ϕpuq, hpuq˘ą 1.
Let us define the equivariant vector field r h on V by:
We claim that r h satisfies properties paq, pbq, pcq and pdq above. In fact, since ϕ is invariant we have`∇ ϕpguq, v˘"`∇ϕpuq, g´1v˘@g P G @u, v P X.
so that r h satisfies pcq and pdq. Let u P V , for every g P G there exists a τ´neighborhood V gu of gu such that hpV gu q is contained in a finite dimensional subspace of X, consequently W u :" Ť gPG V gu is a τ´neighborhood of u such that r hpW u q is contained in a finite dimensional subspace of X and then r h satisfies pbq. Finally r h obviously satisfies paq.
Let us define
A :" ϕ´1`rc´2ǫ, c`2ǫs˘X S 2δ ,
and f puq :" ψpuq r hpuq, u P V.
It is clear that f is τ -locally Lipschitz, τ -continuous, continuous, locally Lipschitz and equivariant. By assumption p2q, }wpuq} ď δ 4ǫ , which implies }f puq} ď δ 4ǫ on V . For each u P ϕ c`2ǫ , the Cauchy problem " d dt µpt, uq "´f pµpt, uqq µp0, uq " u has a unique solution µp¨, uq defined on R`. Moreover µ is continuous on R`ˆϕ c`2ǫ . Since }f puq} ď δ 4ǫ , we have for t ě 0 }µpt, uq´u} ď δt 4ǫ .
We also have
d dt ϕpµpt, uqq "´∇ϕpµpt, uqq, d dt µpt, uq"´´∇ ϕpµpt, uqq, f pµpt, uq"´ψ pµpt, uqq´∇ϕpµpt, uqq, r hpµpt, uq¯ď 0 It is easy to verify that if we define η on r0, 1sˆϕ c`2ǫ by ηpt, uq :" µp2ǫt, uq, then piq, piiq, piiiq and pivq are satisfied. The proof of pvq and pviq is the same as that of bq and cq in Lemma 6.8 of [25] (with T " 2ǫ). Since f is equivariant, pviiq is a direct consequence of the existence and the uniqueness of the solution of the above Cauchy problem.
An infinite-dimensional version of the fountain theorem
In the sequel we assume that Z :"
Re j .
We use the following notation:
Re j q,
We denote P k : X Ñ Y k and Q k : X Ñ Z k the orthogonal projections. We define
where pθ j q is the orthonormal basis of Y we chose at the beginning of section 2˘. We can define a new norm on X by setting u~k " max´8 ÿ
Remark 9. Since a direct calculation shows that u~k ď 3 2~u~a nd~u~ď 2 k`1~u~k , @u P Y k , then for every k, the norms~¨~and~¨~k are equivalent on Y k . In addition, it is easy to show that the projections P k are τ -continuous, for every k.
Lemma 10 (Intersection lemma). Under assumption pA 1 q, let γ :
Proof. Let U " tu P B kˇ| |γpuq|| ă r k u. Since ρ k ą r k and γp0q " 0, U is an open bounded and invariant neighborhood of 0 in Y k . It is clear that B k is τ -closed, so we deduce from (b) that U is also τ -closed. Consider the equivariant map
(i) P k´1 γ is τ -continuous. In fact, if u n τ Ñ u, then from pbq γpu n q τ Ñ γpuq and by Remark 9 we have~P k´1 pγpu n q´γpuqq~Ñ 0 as n Ñ 8.
(ii) Let u P U . From pcq u has a τ -neighborhood N u such that pid´γqpN u X U q Ă W , where W is a finite-dimensional subspace of X.
Re k , then pid´P k´1 γqpvq " P k´1 pv´γpvqq`λe k P W`Re k which is finite-dimensional. Thus P k´1 γ : U Ñ Y k´1 is σ´admissible`in the sense of Definition 1, where the pair`H, pb j q˘in section 2 is replaced by the pair`Y k , pe 1 j q˘˘. Since the action of G on Y k is admissible, there exists u 0 P BU such that P k´1 γpu 0 q " 0. This ends the proof of the lemma since X " Y k´1 ' Z k .
Theorem 11. Under assumption pA 1 q, let ϕ P C 1 pX, Rq be invariant and τ -upper semicontinuous such that ∇ϕ is weakly sequentially continuous.
For k ě 2, define a k :" sup
where
Every u P intpB k q has a τ´neighborhood N u in Y k such that pid´γq`N u X intpB k qȋ s contained in a finite-dimensional subspace of X. Futhermore ϕpγpuqq ď ϕpuq @u P B k .
) ,
If d k ă 8 and b k ą a k , then c k ě b k and, for every ǫ P s0, pc k´ak q{2r , δ ą 0 and γ P Γ k such that
there exists u P X such that
}ϕ 1 puq} ď 8ǫ{δ.
Proof. It follows from Lemma 10 that c k ě b k . Assume by contradiction that the thesis is false. We apply Lemma 8 with S :" γpB k q. We may assume that
We define on B k the map βpuq :" ηp1, γpuqq. We claim that β P Γ k . (i) It follows from p4q and piq of the deformation lemma that β |BB k " id.
(ii) It is clear that β is equivariant and τ -continuous, and ϕpβpuqq ď ϕpuq @u P B k .
From pvq of the deformation lemma the point p1, γpuqq has a τ -neighborhood M p1,γpuqq " M 1ˆMγu such that z´ηps, zqˇˇps, zq P M p1,γpuqq X pr0, 1sφ c k`2 ǫ q ( is contained in a finite-dimensional subspace W 2 of X. Thus for every v P N u Xγ´1pM γpuq qXB k , we have pid´βqpvq " pid´γqpvq`γpvq´ηp1, γpvqq P W 1`W2 which is finite-dimensional. Thus β P Γ k . Now by using p3q and piiq of Lemma 8 we obtain
which contradicts the definition of c k .
Theorem 12.
Under assumption pA 1 q, let ϕ P C 1 pX, Rq be invariant and τ -upper semicontinuous such that ∇ϕ is weakly sequentially continuous. If there exists ρ k ą r k ą 0 such that pA 2 q a k :" sup
Then there exists a sequence pu
Proof. Choose k sufficiently large and apply the preceding theorem.
Recall that the functional ϕ satisfies the pP Sq c -condition`Palais-Smale condition at level c˘, if every sequence pu n q Ă X such that ϕpu n q Ñ c and ϕ 1 pu n q Ñ 0 as n Ñ 8, has a convergent subsequence.
Corollary 13. Under the assumptions of the preceding theorem, if ϕ satisfies in addition the pP Sq c condition for every c ą 0, then ϕ has an unbounded sequence of critical values.
In the sequel |¨| p is the usual norm in L p .
Semilinear Schrödinger equation
In this section we apply our abstract theorem to the resolution of the semilinear Schrödinger equation
We define the functional
It is well known that if ϕ is of class C 1 then its critical points are weak solutions of (5) . Observe also that, due to the periodicity of f and v, if u is a solution of p5q, then so is g˚u for each g P Z N , where pg˚uqpxq :" upx`gq. Two solutions u and v of (5) are said to be geometrically distinct if the sets g˚uˇˇg P Z N ( and g˚vˇˇg P Z N ( are disjoint. We will prove: Theorem 14. Assume pV 0 q, pf 1 q´pf 5 q. Then problem p5q has a sequence pu k q of solutions such that ϕpu k q Ñ 8, as k Ñ 8.
Remark 15. Infinitely many of the solutions obtained in Theorem 14 above are geometrically distinct. In fact, since ϕpu k q Ñ 8, as k Ñ 8, there exists k 0 ą 0 big enough such that for every i, j ą k 0 , if i ‰ j then ϕpu i q ‰ ϕpu j q.
Before giving the proof of Theorem 14 we need some preliminary results. Let L be the self-adjoint operator L :
where (¨q 1 is the usual inner product in H 1 pR N q˘. By assumption pV 0 q, X :" H 1 pR N q is the sum of two infinite-dimensional L´invariant orthogonal subspaces Y and Z on which L is respectively negative definite and positive definite (see [2] ). We denote P : X Ñ Y and Q : X Ñ Z the orthogonal projections. We introduce a new inner product on X`equivalent to p¨q 1˘b y the formula pu, vq :"`LpQu´P uq, v˘1, u, v P X with the corresponding norm }u} :" pu, uq 1 2 . Since the inner products p¨q and p¨q 1 are equivalent, Y and Z are also orthogonal with respect to p¨q. One can verify easily that p6q reads
We refer the reader to [2] or [25] for the proof of the following lemma.
Lemma 16. Under assumptions pV 0 q, pf 1 q´pf 3 q, ϕ is of class C 1 and is τ´upper semicontinuous, and ∇ϕ is weakly sequentially continuous. Moreover we have
We will also need the following lemma due to Brézis and Lieb`see Theorem 2 in [21]˘.
Lemma 17 (Brézis-Lieb, 1983 ). Let J : C Ñ C be a continuous function such that Jp0q " 0 and for every sufficiently small ǫ ą 0 there exist two continuous, nonnegative functions h ǫ and g ǫ satisfying |Jpa`bq´Jpaq| ď ǫh ǫ paq`g ǫ pbq, f or all a, b P C.
Let u n " u`v n be a sequence of measurable functions from R N to C such that:
Proof of theorem 14. Let pe i q iě0 be an orthonormal basis of pZ, }¨}q and let us define
Re i˘a nd Z k :"
Re i . pf 4 q implies that for each δ ą 0 there exists c 1 " c 1 pδq such that
and then´ż
Since the norms }¨} 1 and }¨} are equivalent, there exists a constant c 2 ą 0 such that |u|
We then deduce that
We know that the Sobolev space
Re i , and since in a finite-dimensional vector space all norms are equivalent, there is a constant c 3 ą 0 such that c 3 }z} ď |u| γ . Therefore we have
If we choose δ such that δc 2 ď Hence relation pA 2 q of Theorem 12 is satisfied for ρ k sufficiently large. Now let u P Z k , then P u " 0 and Qu " u. Assumptions pf 1 q, pf 2 q and pf 3 q imply that @ǫ ą 0, Dc ǫ ą 0 such that |f px, uq| ď ǫ|u|`c ǫ |u| p´1 , Hence we have for }u} " r k :" pcpβ
We know by Lemma 3.8 in [25] that β k Ñ 0 as k Ñ 8, hence relation pA 3 q of Theorem 12 is satisfied. We apply Theorem 12 with the action of Z 2 and we get the existence of a sequence pv n k q ně0 in X such that ϕpv Taking a subsequence if necessary we may suppose that, for k big enough,
Choose g n P Z N such that |g n´an | " min |g´a n | :
It is not difficult to see that ϕpu 
By p12q u k ‰ 0 for k big enough, and in view of the weak continuity of ∇ϕ we get that u k is a critical point of ϕ, and then a weak solution of p5q.
Using p7q and p8q we have,
By p14q we have for 0 ă R ă 8
then by Lemma 1.21 of [25] (see also [20] )
Now by p9q for every ǫ ą 0, there is c ǫ ą 0 such that ż One can easily verify that p9q implies that, for almost every x P R N , the functions s Þ Ñ sf px, sq and s Þ Ñ F px, sq satisfy the conditions of Lemma 17, with u n " u n k , u " u k and v n " u n k´u k . It then follows from Lemma 17 and p17q that
Taking the limit n Ñ 8 in p16q and using p18q we obtain
Now p7q and p8q also implies, since ϕ 1 pu k q " 0, that
This ends the proof of the theorem, since c k Ñ 8 as k Ñ 8.
Remark 18. The existence of infinitely many geometrically distinct solutions of p5q, under pV 0 q, pf 1 q´pf 5 q, was first proved by Kryszewski and Szulkin in [2] by using the degree we present before and a variant of Benci's pseudoindex [22] . However they assumed in addition that there are λ ą 0 and R ą 0 such that |f px, u`vq´f px, uq| ď λ|v|p1`|u| p´1 q, @x P R N , @u, v P R, with |v| ď R.
Noncooperative elliptic system
In this section we apply our abstract result to the resolution of the following potential system
where 
It is well known that if Φ is of class C 1 , its critical points are weak solutions of p19q. Our main result in this section is stated as follows:
Theorem 19. Assume that ph 1 q´ph 4 q are satisfied. Then p19q has a sequence of
The following lemma is well known (see for example [3] or [4] ).
Lemma 20. Under assumptions ph 1 q and ph 2 q, Φ P C 1 pX, Rq and
Define Y : " pu, 0qˇˇu P H Then @u, v P L p pΩq, Gp¨, u, vq P L r pΩq and the operator A : L p pΩqˆL p pΩq Ñ L r pΩq, pu, vq Þ Ñ Gpx, u, vq is continuous.
Lemma 22.
Under assumption ph 1 q, Φ is τ´upper semicontinuous and ∇Φ is weakly sequentially continuous.
Proof. (i) Let pu n , v n q P X such that pu n , v n q τ Ñ pu, vq and c ď Φpu n , v n q. By the definition of τ we have v n Ñ v in H 1 0 pΩq and then pv n q is bounded. Noting that c ď Φpu n , v n q and Hpx, u n , v n q ě 0, then pu n q is bounded and u n á u in H 1 0 pΩq. Now since the embedding H 1 0 pΩq ãÑ L 2 pΩq is compact, v n Ñ v and u n Ñ u in L 2 pΩq. Thus up to a subsequence v n pxq Ñ vpxq and u n pxq Ñ upxq a.e on Ω, and by ph 1 q Hpx, u n pxq, v n pxqq Ñ Hpx, upxq, vpxqq a.e on Ω. It then follows from Fatou's Lemma and the weak lower semicontinuity of the norm }¨} that c ď Φpu, vq, and Φ is τ´upper semicontinuous.
(ii) Let pu n , v n q P X such that pu n , v n q á pu, vq, then by Rellich theorem u n Ñ u and v n Ñ v in L p pΩq. By the Hölder inequalityˇˇż Ω`h H u px, u n , v n q`kH v px, u n , v n q´hH u px, u, vq´kH v px, u, vq˘dxˇˇď ż Ω |h||H u px, u n , v n q´H u px, u, vq|dx`ż Ω |k||H v px, u n , v n q´H v px, u, vq|dx ď |h| p |H u px, u n , v n q´H u px, u, vq| p p´1`| k| p |H v px, u n , v n q´H v px, u, vq| p p´1 . }v n´v } 2 " Φ 1 pu n , v n q´Φ 1 pu, vq, p0, v n´v q `ż Ω pv n´v qpH u px, u n , v n q´H u px, u, vqq.
It is clear that Φ 1 pu n , v n q´Φ 1 pu, vq, pu n´u , 0q Ñ 0 as n Ñ 8. By the Hölder inequality and Lemma 21,ˇż
We know by Lemma 3.8 in [25] that β k Ñ 0 as k Ñ 8, so Φp0, vq Ñ 8 as k Ñ 8 and condition pA 3 q of Theorem 12 is satisfied. By Lemma 23, Φ satisfies the Palais-Smale condition and by ph 5 q Φ is even. We then conclude by applying Corollary 13 with the action of Z 2 .
Conclusion
In this paper, we presented a generalization of the Fountain Theorem to strongly indefinite functionals. The use of the τ´topology introduced by Kryszewski and Szulkin permitted an extension of the Borsuk-Ulam Theorem to σ´admissible functions making the above-mentioned generalization quite natural. We believe that the ideas presented in this paper could be used to similarly generalize a result like the dual version of the Fountain Theorem (see [25] , Theorem 3.18 for instance). An adaptation of these ideas to separable reflexive Banach spaces will be also the subject of future research.
